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Preface

An optimal labeling problem, which this paper
is devoted to, is a research field where the applied
problems of visual analysis and some other intelli-
gent technologies come directly in contact with fun-
damental problems of a computer science. On the
one hand, image segmentation [1-5], stereovision [1,
7-9] and other image processing problems [10—
14] as well as speech recognition [17] can be pre-
sented in a natural way as various labeling prob-
lems. As it was mentioned in [15-16], the labeling
problems arise in text analysis [17] and intellec-
tual data bases [18] as well. On the other hand, the
optimal labeling problem is a natural generaliza-
tion of constraint satisfaction problem that be-
longs to the main research stream in modern com-
puter science [15,20-21]. Several questions, which
arise at the junction of optimal labeling problems
and visual analysis, are considered in this paper.

The paper consists of three logical parts. First
of all, a simplest example of image processing is
considered, which is frequently fulfilled at the
very beginning of image processing technological
chain. An exact formulation of the problem, which
adequately expresses an applied content, results in
NP-complete problem class even in this simplest
case. So, it deserves and requires the most careful
research on the highest scientific level. The prob-
lem class, which turns out to be an appropriate
formalization for many applications, is known as
an optimal labeling problem. In mathematical pa-

* Key words: labeling, relaxed labeling, permuted su-
permodular optimization, belief propagation.
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The optimal labeling problem is considered, which is a generalization of the known Constraint Satisfaction Problem, and its relaxed simplifica-
tion. Two approaches for the relaxed labeling optimization are described as well as their advantages and shortcomings. A direction of future re-

PosmistHyTO OnTHMIzaLiHY 3324y PO3MITOK, IO Y3arajbHIOE BiIOMY 3aJady IpO CyMICHICTH 0OMEXeHb, Ta 1l po3MuTy Moaudikarito. Omu-
CaHO /IBa IMiIXOIH 10 HOLIYKY ONTUMAIBbHOI PO3MUTOI PO3MITKH, 1X mepeBary i Henosiku. HaBeneHo HanpsiMu MOAIbIIMX JOCTIHKESHb.

pers the problem is called VCSP (Valued Constra-
ined Satisfaction Problem) with an emphasis of
the fact that it is a generalization of well-known
CSP (Constrained Satisfaction Problem).

Then the concept of the relaxed labeling is de-
fined as well as a problem of the relaxed labeling
optimization. The set of these problems does not
form a NP-complete class and, consequently, it is
not hopeless to solve them exactly in general form.
However, the hopes has not justified yet. It means
that no practically useful algorithm is known now,
which could solve all problems of this class. Two
approaches to cope with the problem are descri-
bed, each having virtues and shortcomings.

Finally, several ideas are considered, which,
hopefully, will result in algorithms free of short-
comings of the known algorithms.

1. The simplest example of image processing

Let T={(i,j)| 1<i<m; léjén} be a rectan-
gular region of two-dimensional integer grid called a
vision field. Elements of this set are called pixels.
Let k :T — {0,1} be a function called an ideal ima-
ge. An ideal image is not available for direct ob-
servation. Another, distorted, image x:7 — R is

available. It is called a real image. Let us suppose
that it is known how a real image x depends on

ideal image k . It means that conditional probabili-
ties p ()_c/ k ) are given so that

- 1 -+
k)= 2 . 1
PR =I1 7 ¢ )

On the base of these data a strategy ¢: X’ — K"
has to be constructed that for each real image x
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makes a maximal likelihood estimation of an ideal
image

= S(x(0)-k(1))*
= arg max

) 2
m @)

The applied content of the problem consists in
a reasonable restoration of an image after its dis-
tortion. In the considered simplest case it is a mere
two-level image quantization known as image bi-
narization. The problem has an evident solution

k=1 if x(¢)20,5,

=0 if x(t) <0,5.

However, a very first testing of this solution
shows immediately that it differs essentially from
what one would like to obtain. Too many points
are restored as white ones when it is evident for a
human observer that they are black and vice versa.
That is why various post-processing procedures
are used after solution (3) that have to improve the
obtained results. These improvements are based on
such or another reasonable considerations, which
are known to a user but were not taken into ac-
count in the formal requirement (2). They are in-
tuitive reasons that an equality & (7) =k (¢') for two

3)

neighboring pixels ¢ and ¢’ of an ideal image is
more probable then inequality & (¢) k(). If this
intuitive reasoning would be unambiguously and
exactly formulated, the problem (2) could be

modified so that its solution would require no ad-
ditional improvement. For example, one can assume

that a priori probability distribution p: K" — R is
defined on the set K' of all possible ideal images
so that a priori probability p (l? ) of an image k is
a number

p(k)=TTe'(x(1)

1'e3

k(1) )

where 3 is a set of all neighboring pixel pairs,
g'(kk")=c if k=k', g'(k,k')=c, if k#k'

. Then the problem (2), which has not

taken into account reasonable considerations (4),
can be transformed into looking for a labeling
with the highest a posteriori probability,

and c_>c,
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k” —argmaxp( ) (x/k):

=arg rriang ( k(t’))x Q)

e

<[ [a'(k(r), x(2)),

tel
where q’(k(t),x(t)) is a short designation for #-th

multiplier in (1). The problem (5) can be repre-
sented in an equivalent form
() + 24, (k( )} (©6)

k* —argmax[z g(

t'e3 teT
where g (k&) =1if k=K', g(k.k')=0 if k=K',
and ¢, (k)=a log ¢/(k)+b with some values a and

b. For a long time an exact solution to the problem
(6) was unknown. An essential progress in this
area has been achieved at the end of 90-th [4]. It
was shown in [4] that in the considered case when
ideal image is a binary one the optimization prob-
lem (6) can be reduced to max-flow problem and,
consequently, is polynomially solvable at arbitrary

numbers g, (k). However, if the ideal image is of
the form k :7 — K, |K|> 2, not k:T—{0,1},a

set of all possible problems of the form (6) forms
the NP-complete class. Consequently, it is hardly
possible to solve them with an algorithm of po-
lynomial complexity. So, one can see that visual
analysis problems are difficult not only in a sense
that there are lots of problems, which are unsolved
yet. They are difficult in an exact computational
meaning of the word. It applies equally both for
huge practical projects with generally acknowl-
edged significance and for special problems which
seeming simplicity is extremely delusive. The con-
sidered example is just one of them.

A visual analysis needs the most powerful mo-
dern methods of computational optimization. Par-
ticularly, it requires solution to the problems that
this paper is devoted to.

2. Main concepts and a problem formulation
Let 7 and K be two finite sets called set of
objects and set of labels correspondingly. Let

k:T — K be a function called labeling, k() be

a value of this function for an object €T, K” be
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a set of all possible labelings. The function

k:T — K will be also called a strict labeling to
distinguish it from relaxed labeling defined below.

Let a subset () — T be defined for each object
t €T, which elements are called neighbors of the

object 7. The sets N (¢) are such that 7 ¢ N () and
'eN(t)<teN(r). Let symbol I designate a
set {{t,t'}‘ teT, t' e N(t)}. So, designation
{t.1'} €3 is a short expression for (1€ N(1'))&
&(t' € N(t)). Instead of a designation {z,1'} €3

even shorter designation #' € 3 will be used below.
An ordered object-label pair (k,t), ke K, teT,

will be called a vertex, unordered vertex pair
((k,t),(k',t')) , such that #' € 3, will be called an
edge. We will say that a vertex (k*,t*) belongs
to labeling & :T — K if k(t*> =k". We will say
that an edge ((k,t),(k’,t’)) belongs to labeling
k :T — K if both the vertex (k,t) and the ver-
tex (k',¢") belong to it.

Let for each vertex (k,z) a number ¢(7,k) be
specified called its quality, as well as the quality
g((k,t),(k',t’)) be specified for each edge ((k,t),
(k’,t')). A quality G(l?) of alabeling k : T > K ,

k e K", is a total sum of qualities of vertices and
edges that belong to the labeling,

G(k)=2 g((tk(1)).(t-k (1)) + X a(t.k) . (D)

i'e3 tel
An optimal (strict) labeling problem consists in
looking for the best (strict) labeling

/;*:argnjaxG(l;). (8)

keK!

A problem set of such type forms an NP-com-
plete class.

A quality array (g(t,k),teT,keK), will be
denoted shortly ¢, an array (g((t,k),(t',k’)),
it'e3, keK,k'e K) , will be denoted g, a pair
(g, g) will be called a quality function.
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Problems that we call relaxed labeling optimi-
zation are essentially simpler than the problem
(7), (8). They are based on the following concepts.
Let alt, k), t € T, k € K, be a number, which is
called a weight of a vertex (¢, k), t € T, k € K, and
B((t, k), (¢, k), tf € 3, ke K, k' € K, be a weight
of an edge ((, k), (¢, k')). Let us denote o and B a
vertex weights array (a(t,k)| teT, ke K) and an

edge weights array (B((#, k), (¢, k)| ' € T, k € K,
k' € K) correspondingly. A pair (o, B) will be re-
ferred to as a weight function. A weight function
(o, B) will be called a relaxed labeling if it satis-
fies the conditions

a(t.k)= 2 B((t.k).(K"),

k'eK
teT,kek, t'eN(t); C)
Z(x(t,k)=1, teT; (10)
keK
a(t,k)>0, teT, keK; (11
B((t.k).(¢.k")) =0, el kek,
k'eK. (12)
The set of all possible solutions to the equatlity
system (9)—(12) will be denoted 4. For each re-
laxed labelling (a,B) € 4 its quality
G(oB)= 2 2 D B((1:F).(#K'))x
#'e3 keK k'eK ( )
xg((1.5), (1K) + 20 2 (k) q (1:F)
tel kekK
is defined or more shortly
G(o.B)=(a.q)+(B.g), (14)

where <-,-> means an inner product of two func-

tions defined on the same domain. Relaxed label-
ling problem consists in looking for relaxed label-

ling (a*,B*) with the best quality,

G(a*,ﬁ*):(%%g(a,ﬁ)_ (15)

A set of all possible problems of such type forms
a certain subclass of linear programming problems
and so is solvable in polynomial time. However,
no practically good algorithm is known now for
solution to all problems of the form (9)—(15).
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A relaxed labeling may be frequently used as a
rather acceptable substitute for a strict labeling
due to the following reasons:

a) several subclasses of a strict labeling prob-
lem can be reduced to relaxed labeling; those are
problems with acyclic neighborhood and problems
with supermodular quality function [22]; in this
paper we will add to this list a so-called permu-
tated supermodular problems [23], which include
all supermodular problems as well as all submo-
dular problems with bipartite neighbourhood;

b) the quality of the best relaxed labeling is an
upper estimate for the quality of the best strict la-
beling and so is a tool for final testing, whether
some heuristically found strict labeling differs es-
sentially from the best possible one or not;

c) the relaxed labeling is a component for discri-
minative learning of strict labeling algorithms [24];

d) at last, in spite of the fact that the set of all
relaxed labeling problems forms a polynomially
solvable class no practically good algorithm for
their solution is known so far and it is a rather
good motivation for looking for such algorithms.

3. The Eequivalent and trivial labeling prob-
lems

Input data both for strict and for relaxed labeling
are the same. They are presented with a five-tuple

= <T, K, 3, q, g>, where T and K are two finite

~

sets, I is a subset of pairs of the form {7, 7'},
teT, teT, t#¢, g is a number array (q(z, k),
teT, keK), gis a number array (g((¢, k), (¢,
k)), tt' € 3, ke K, k' € K). Input data z=<T,K,

3, q, g> will be sometimes called merely a prob-

lem, with no specification, whether a strict label-
ing is considered or relaxed one.

The following condition is evidently a suffi-
cient condition of strict labeling optimality. If for

labeling k*: T — K the conditions
q(t, k" (t)) = rilea}(xq(t,k),
g((t.k (1) (12K (1)) = max_g((.k).(r.K)),

are valid for each ¢ € T and for each ##” e 3 then
inequality G(l? ) > G(l? ) is valid for each label-
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ing k € K”. This condition is too strong and, con-
sequently, is trivial. So, the strict labeling problem
will be called trivial if at least one optimal label-
ing satisfies above-mentioned sufficient optimal-
ity condition.

Similarly a trivial sufficient condition of the re-
laxed labeling optimality can be formulated. If for

the relaxed labelling (a*,B*) € A the conditions
q(t,k) < ng{xq(t,l) =o' (t,k) =0,

g((t.k),(¢, k")) < max max g ((1,0),(.1')) =

leK [I'eK

=B ((1.k). (k) =0

are fulfilled for each vertex (k,z) and each edge
((k,t),(k',t')) then the inequality G(a*,B*)Z
>G(a,B) is valid for each relaxed labeling

(a,B)eA.
Two  strict  labeling  problems z'=
(KN g) w2 {T K5 g )

are called equivalent if the equality

> g ((6K(0)- (K (1)) + 2d' (1k(1)) =

s (k) () T (140

t'e3
is valid for each labeling. The following theorem
has been proved in [22].
Theorem 1. Two strict labeling problems Z' =

=<T,K, S,gl,q1> and z —<T K, 3, g, q>
are equivalent if and only if there exist the num-
bers (pﬁ,(k), teT, t'eN(t), k € K, which sat-

isfy equalities
& (k). (1K) =g (1K) (1K) +

+¢, (k)+(ptt(k’) tt'es, keK,k’eK,
g’ (t.k)= Z(pn ,tel, keK.

teN

Numbers ¢, (k), teT, {'eN(t), keK, in

the theorem formulation are called potentials.
The theorem may be generalized for relaxed
labeling.

YCuM, 2011, Ne 2



Theorem 2. Let and

(T.K,3.¢'. q'")
<T LK, 3, g7, q2> be two labeling problems. The
equality

(wd )+(p.g') = (o’ )+ () (6
holds for each relaxed labeling (a,B) € A4 if and
only if such potentials (pﬂ,(k), teT, t'eN(Z),
k € K , exist that

g ((14), (1K) =
=g‘((fak)a(f’,k'))ﬂpnr(k)+<r>n(k’)a

3, kek, k'eK,

Z o

teN

(17)

(tk teT,keK.(lS)

Proof. Let us prove that if the condition (16) is
valid then the conditions (17) and (18) are valid
too. As the equality (16) is valid for each relaxed
labeling it is valid also for relaxed labelings with
integer weights a(z,k) and B((t,k),(t',k’)), ie.
for each strict labeling. Due to the theorem 1 the
conditions (17), (18) are satisfied.

Let us prove that the conditions (17) and (18)
imply the equality (16). Let us choose an arbitrary
relaxed labelling (o,p)e 4 and fix it for subse-

k).(1,k'")) is

i.e. for unordered pair

quent considerations. A weight B((t,
defined for an edge,
6k (10 s
B0 ) B (19
For each array of potentials ¢, (k), teT,
t'e N(t), ke K, the equality

l;/;kzd;[%(tk zk)[% )+, (k ]:
=3 3 SIB(R)(K) 0 (1 -

tel ¢t eN

is valid. Indeed, let ¢, and 7, be two neighbors,
tt, €3, ie. ,eN(t), t, € N(t,). This pair
is represented with a sum

> 2 B((:k)u (k)L o, (K) + o, (F)] @D

keK k'eK
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at the left side of (20) and with a sum

2 2 B((1.K). (1K) 0, (K)+

keK k'eK

, (22)
D)) s((zz,k),(a €)-0,, (4
at the right-hand side of (20). The following chain
1s valid:
>y B((r )0, (0)+
F3 B0k (1K) 0, (8)-
:ZZB( tl’k ) (ptltz(k)+
+2, 2, B((1.K). (1, k ) ¢, (k)=
:/;MZKB( ) ?,, (k)
2.2 B((tl,k (1K )) ¢, (k)=
=3 B0 (50) Lo, (K) 0., ()]

So, the numbers (21) and (22) are equal and, con-
sequently, the equality (20) is valid.

For relaxed labelling (o,B) the equality
- ;{B((z,k),(z',k'))

holds for each reT, keK, t'eN(t). That is
why the equality (20) may be rewritten in the form
ZZZB(”‘ t k ) [(P” +(Pz’t(k’):|:

t'e3 keK k'eK (23)

=2, 2,0(6kK) 2,

tel keK r'eN(t
Due to the conditions (17) and (18) a difference
a,q1>+<B,g1> and <(1,q2>+
+(B.g) of the labelling (a.B) is

Z Z ZBH kk [(Pn

t'e3 keK k'eK

"2 20tk 2, o

teT keK t eN

between qualities <

+(pzz

k)]-

Due to (23) this number is zero. The theorem
is proved.
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Let us define for a quality function (g,g) its

characteristic

P.g)= 2 max g((t.k).(.k))+

+Zmaxq (t, k)

teT
and let us call it a power of the quality function

(¢.g). Let a quality function (g,g) be trans-
formed equivalently into the function (¢',g") with
potentials ¢, (k), reT, 'e N(t), ke K, so that
(LR =l(R) 8 0, (k) 0, (),
teT, t'eN( ), keK, k' ek,

z o,(k), teT,kek.

teN

q'(t,k)=

In this case the power of the transformed quality
function may be expressed explicitly via poten-
tials so that

Pgg)= 3 mas [s((4).(4.0))
E:%t }-

+(ptt +(ptt :l Zril:}(X|: e

One can see that the power of a quality func-
tion depends convexly on potentials. As we will
see, it is important because it shows a way for so-
lution to wide subclasses of strict labeling prob-
lems. The following three theorems [22] show
how it occurs.

Theorem 3. Let (g,g) be a quality function
and Z be its equivalency class. If the function has
a trivial equivalent then each function (q*, g*),

which minimizes power in the class Z, is trivial.
Theorem 4. If the neighborhood I contains
no cycle on the set 7' then each strict labeling

problem <T K., q,g> has a trivial equivalent

<T K,3.q9 ,¢g >
Let the label set K be an ordered set and quali-
ties g((t,k),(t',k’)) satisfy the inequality

g((tk). (k) + g (k) (1, 7)) <
<g((t.k). (1K) + g (1), (1, 52))
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for each pair t#' € 3
k! >k,
qualities is called supermodular.

Theorem 5. Each supermodular problem has a
trivial equivalent.

The theorem can be generalized for the wider
class of problems called permuted supermodular,
which are defined in the following way [23] Let /
be some ordered setand i, : K — 1, t €T, be a fun-

ction, which defines numbering of labels, its own
for each object £ € T'. The problem <T,K,S,q,g>

and each quadruple & > k,
of labels. The problem with such edge

is called permuted supermodular if such number-
ings i, : K — I, t €T, exist that inequality

g((t:k).(1.k)) + g ((8.k,). (1)) 2
2 g((t.h)- (1K) + g (1), (1, 12))

is valid for each neighbor pair 7' € 3 and each label
quadruple k,k,,k',k, such that i (k)>i (k,),

g(h)zg(@j.

Theorem 6. Each permuted supermodular prob-
lem has a trivial equivalent.

We will not adduce a proof of the theorem be-
cause more fine properties of permuted supermo-
dularity will be analyzed below. The following
theorem is almost evident.

Theorem 7. A power of trivial strict labelling pro-
blem equals to the quality of the best strict labeling.

Proof. Let k" :T — K be a labeling that im-

plies a triviality of the problem <T ,K,3,q, g> . For

the labelling & * and any other labeling k : 7 — K
it is valid that

G(k")= Z g((t,k* (1)).(¢. % (t)))+

20k (1) = Z maxmas £ (). (1)) ¢

S e((bk (A ()

+» max t k
z keK q
tel t'e3

+> q(t.k(1))=G(k).

teT
The theorem is proved.

Theorem 8. If the problem <T,K,S,q,g> mi-
nimizes the power in its equivalency class then
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its power equals a quality of the best relaxed
labeling.

Proof. 1. Let P* be a power of the quality
function (g, ¢), which the theorem tells about,

P = Zkr?%xKg((t k), (¢,k) )+Zmaxq t,k),(24)

and P(®) be a power of a quality function that is
equivalent to (g, ¢) and is obtained with potentials

®=(g,(k)|teT, t'eN(t), kek),

P(@)= 3 max, [g((th).(.8))+ o (k)+
: (25)
+9,, (k')]+211§1‘<{ Z @ } '

Due to the theorem condition the inequality
P(®)>P" (26)
holds for each array @ of potentials.
2. Let (o, B) be an arbitrary relaxed labeling and

=2, 2, B((sk). (k)

t'e3I keK k'eK ( )

xg ((t.k),(¢, k") + D> a(t.k)-q(t.k

tel keK
be its quality. The weights o(z,k) and B((¢ k),
(t;,k’) are non-negative, the equality Za(z,k) =1

keK

holds for each k € K and Z B((l‘,k),(l",k')) =1

keK ,k'eK
holds for each #' € 3. It implies that each sum-
mand in the right-hand side of (24) is not less than
the corresponding summand in the right-hand side
of (27),
a8 (R, (4) >
> > B((tk).(7.K))-g((t.k). (£, k")),

ker}{l?ékq(t k) Za(t,k)-q(t,k).

keK ,k'eK
keK

Consequently, the inequality
P>G(o,p)
is valid for each relaxed labeling ((x, [3).

(28)

3. Let us consider an array of weights a(z,k),
keK, teT, b((t,k),(t',k')), which is not nec-
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essarily a relaxed labeling. However, they satisfy
the restrictions

a(t,k)=0, > a(t,k)=1,1eT, kekK, (29
b((1.K).(1k))20, 3 b((k). (1K) =1,
ite3, kEeIE{ k'eK, (30)
2l(R)0H)< s g0 =
= b((t.k).(¢,k"))=0
q(t,k)<r51211<xq(t,l):>a(t,k)zO. (32)

Let us define a function

=2, 2, b((6k). (k)

tt'e3I keK k'eK

x[g((t,k),(t',k'))"‘(Pn
+22a(t,k)-{

)+, (k) ]+

Z 0w }
teN

which depends linearly on potentlals Q, (k) . Due

teT keK

to conditions (29)—(32) this function does not ex-
ceed the power P(®). So, the inequality

L(®)< P(®) (33)
is valid for any potentials and it becomes equality
for zero potentials,

L(0)=P(0). (34)
4. Due to (33), (34) a gradient of the linear
function L(®) is a subgradient of the convex

function P(®) at the zero point ® =0. The gra-
dient of the linear function L(®) is an array of

numbers
Ao, (k - b( tk),(¢,k)),
teN

teT,teN(),keK. (35)
The same array obtained from numbers a(t,k)
and b((¢,k),(¢,k")) that satisfy (29)~(32) is a sub-

gradient of the convex function P(®). Even the
stronger statement is valid that each subgradient
of the function P(®) at the zero point ® =0 has a
form (35) for numbers a(,k) and b((t,k),(t’,k'))
that satisfy (29)—(32).
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5. By the theorem condition it is the zero point
where the convex function P(d)) takes its minimal
value. Consequently, there exists a zero gradient
at the zero point ® =0, i.e. the numbers a’(7,k)
and b° ((t,k),(t’,k')) that satisfy the conditions
(29)—(32) as well as additional conditions

Ao, (k)=a’(t.k)- D )b“ ((t.k),(¢. k")) =0,

'eN(t
teT, t’eN(t), kek.
It means that they form a relaxed labeling.

6. For this labeling due to conditions (29)—(32)
the equality

0 —
éa (t.k)q(t.k)=maxq(.k).  (36)
holds for each # € T as well as the equality
> b ((t.k). (1K) g ((2.k). (1K) =
keK ,k'eK (37)

= max g((fak)a(t”k'))

keK ,k'eK
holds for each #t' € 3. So, the following chain is
valid:

G(a’,b" )= > B((t.k).(¢.K"))x

t'e3I keK k'eK

xg((1.k),(¢.K))+ 2 2 0" (t.K)-q (k) =

tel keK
=3 max g (k). (1K) +
t'e3 ’

D maxgq(t,k)=P" =G (a,B).

telT kek

The first equality of the chain is valid due to
the definition of the relaxed labeling quality. The
second equality of the chain is valid due to the just
proved equalities (36) and (37). The third equality
is valid due to the definition of a quality function
power. The inequality at the end of the chain is
valid due to above-proved (28). So, the quality of

the relaxed labeling (ao,bo) equals the power P

and this labeling is not worse than any other re-
laxed labeling. The theorem is proved.

So, one can see that the transformation of the
problem under solution into an equivalent prob-
lem with minimal power shows a general idea
how to solve certain problem classes, which have
been solved before in essentially different ways.
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Certainly, one has to acknowledge that the solu-
tion to the acyclic problem via power minimiza-
tion is less effective than their solution with dy-
namic programming [25]. Similarly, it is more pre-
ferable to solve supermodular problems via their
reduction to max-flow problems [4], not via power
minimization. However, it is impossible to use or
to modify dynamic programming ideas for solving
the labeling problems with arbitrary neighborhood,
not only acyclic. Similarly, max-flow method is
inapplicable for arbitrary acyclic problems. As re-
gards power minimization, it is a unified and gen-
eral way for solution to all supermodular problems
as well as all acyclic ones. Moreover, it will be
shown later that the power minimization is a uni-
versal tool for all permuted supermodular prob-
lems [23], which can be solved neither with dy-
namic programming, nor with max-flow method.
At last, power minimization is a universal way to
compute the quality of the best relaxed labeling.

In spite of the whole attractiveness of the po-
wer minimization its main shortcoming consists in
that no good algorithm is known for its implemen-
tation, only several separate attempts. Let us con-
sider two attempts of the kind, their attractive and
less attractive properties.

4. Diffusion and its formal property

Let <T ,K,3,q, g> be input data for a labeling
problem, either strict or relaxed one. These data can
be equivalently transformed so that the weights of

all vertices become zero. So, it will be assumed in
this section that the labelling problem is defined

with the quadruple <T LK, 3, g> with zero values
of all vertex weights. All subsequent equivalent

transformations will be made so that weights of all
vertices remain zero. It means that an equivalent

transformation of the given problem <T K, S, g>

into the problem with minimal power consists in
looking for potential values that minimize func-
tion of the form

P@)=% max [a((0). (k)

e (3 8)
+ (Ptt' (k) + (Pt't (k'):l
under condition that the equality
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Z (p“,(k):O

t'eN(t)
holds for each vertex t €T, k€ K .

A diffusion algorithm, known also as belief pro-
pagation, consists in sequential scanning of all ob-
jects ¢t € T in an arbitrary order, sequential scan-
ning of all vertices (£, k), k € K, for each current
object € T and minimization of the power P(®)

(39)

with respect only to those potentials (pt*t,(k*),

t'e N(t"), that relate to the current vertex (¢, k).
More exactly, diffusion algorithm or, simply, dif-
fusion is an equivalent transformation of a quality
function g into a function g’ according to the fol-

lowing instructions:
forall teT andall ke K
{ forall 1" € N(1)

c(r')=maxg((t.k).(1.K));

1 .
=ch(t),

'eN(t)

forall ' e N(t) and all k' e K
gtk k)= g(t.k,t' k') +(c—c(1'));

}

Let us designate 7" a transformation of a quality
function g with this algorithm so that g'=T7(g)
means the transformation of the function g results
in g'. The algorithm is an extremely simplified
special case of the algorithms described in [26—
28]. The considered special case has been ana-
lyzed in [29]. The result of the analysis likely
holds for more general cases [26—28] .

Let us introduce additional concepts for formu-
lation of the mentioned result. Let D be a set of all
possible edges,

D={((t,k),(t’,k’))| teS, kek, k'eK} .

A non-empty subset D' < D of edges is called
consistent if for each triple of objects #, ¢', " such

that #'€ N (), t" e N(¢) and for each edge ((t,k),
(t’,k')) e D' there exists an edge ((t,k),(t”,k")) €

e D'. A quality function g is called g-consistent if
the set
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(). (K)) (k). (2. 5)) 2
2 max g((10).(¢.0)¢|

leK,l'eK

contains a consistent subset. Each quality function
g will be characterized by its inconsistency €(g),
which is a minimal number ¢ that ensures its -
consistency. A function g will be called consistent
if €(g) = 0. Inconsistency €(g) is a tractable cha-
racteristic of a quality function g.

The following theorem expresses the main pro-
perty of diffusion [29].

Theorem 9. Let g’ be a quality function, g,
i=1,2,...,... be asequence of functions such that
g =T("),i=1,2, ... In this case lime(g,)=0.

The theorem states that diffusion is a universal
tool for equivalent transformation of an arbitrary
quality function g into an g-consistent equivalent
for each positive €. It will be shown how it allows
to solve a certain subclass of strict labeling prob-
lems.

5. Permuted supermodular labeling problems

Let <T ,K,3, g> be a labeling problem, either
strict or relaxed, / be an ordered set, i, : K — I be

a label numbering defined for each object 1T
and its own for each object. A quality function g
will be called permuted supermodular if such
numberings 7, : K — /1, teT, exist that for each

pair #'€3 and for each quadruple k. k,,k/,k,
such that 7,(k,)>1,(k,). it,(kl')Zi,,(kz') the ine-
quality

g((t’kl)’(t"ké))Jrg((t’kz)’(t”kl,)) =
<g((tk).(7.K))+ g ((1k,). (1K)

holds. Certainly, the class of permuted supermodu-
lar functions is much wider than the class of su-
permodular functions. Particularly, if neighborhood
3 forms a bipartite graph on a set 7 then each
submodular function is permuted supermodular.

If for a permuted supermodular function num-
berings i :K — 1, teT, would be known the

corresponding strict labeling problem could be
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reduced to a max-flow problem and solved with
the known algorithms. The problem becomes mo-
re complex if the numberings i, : K —> 1, teT,

are unknown and only their existence is ensured.
A problem becomes even more complex if it is un-
known whether the problem under solution is per-
muted supermodular or not. In this case it would
be necessary, first of all, to recognize whether the
problem is permuted supermodular and then either
to solve it or not. Such way is possible if a quality
of each edge does not equal (—). It is known
[23] that in this case it is possible to recognize
permuted supermodularity in a polynomial time
and to find corresponding numberings. However,
if some edges can have a quality (— o) such way
is not possible.

We will show that the diffusion can solve ap-
proximately (with an arbitrary small but non-zero
error) and sometimes even exactly all permuted
supermodular problems as well as many others.
This statement holds not only for diffusion but for
any other algorithm that transforms an arbitrary
quality function into its e-consistent equivalent.

A permuted supermodular quality function has
the following properties.

Theorem 10. If g is a permuted supermodular
quality function then each its equivalent g’ is also
permuted supermodular.

Proof. Due to the equivalency of g and g’

such potentials ¢, (k), teT, 'eN(t), kek,

exist that
g'((t.k).(¢, k")) =

g((t.k).(7, k'))+(p” (k)+o, (K),
el keK,kek. (40)
Due to the permuted supermodularlty of g such
numberings i, : K — I, t €T, exist that inequality

B((h) () ()R <
<g((th)- (1K) + g (1) (1K)

holds for each #'e€ 3 and each quadruple £ ,k,,
K.k, such that i (k)i (k,). i, (kl’)zl',(kz’).

Due to (40) the same inequality is also valid for
g'. Indeed,
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t,kz) ))"‘(Pn "'(Ptt(kl’))S
<( (k) (1) + 0, () + 0, (K)) +
(g (04 )o (1)) + 0 () + 0,

=g'((6k). () + ' (k). (1K

The theorem is proved.

So, each permuted supermodular problem can
be represented as a permuted supermodular and
g-consistent problem and it is valid for arbitrary
positive €. Particularly, it can be made with diffu-
sion. It is a way to find an almost best strict label-
ing and sometimes even an exactly best labeling.

Theorem 11. Let <T,K,S,g> be a problem

with permuted supermodular g-consistent quality
function g with a power P. Then a strict labelling

k*:T — K exists with quality

G(k")zP-|3|-2¢. (42)
Proof. Let us define a number
c(t,t')= max max g((t.k),(¢. k") (43)
for each #' € 3 as well as an edge subset
D, =1i((t,k), (¢, k")) g((t.k),(¢,k") >
(R e erz

> c(t,t’)—s)}

and its consistent subset D, < D, . Let us define
the subset

K(r)={keK |3k (((t%).(,k")) e ;)]

for each e T and some ¢ € N(¢). Due to consis-

(45)

tency of the subset D, the definition (45) does
not depend on what neighbor ' € N (t) is used at

the right-hand side of (45) and due to the consis-
tency of D, all subsets K () are non-empty.

A labeling k:T—K , existence of which has
to be proved, is the labeling

k™ (t)=argmax i (k).

keK(r)

YCuM, 2011, Ne 2



Let us prove that for this labeling inequality
(42) holds. Let us choose an arbitrary neighbor
pair #t'e 3 and fix it for subsequent considera-

tions. The set K (7) contains a label &, for which
c(t,t)2 g((t.k),(¢.K (¢))) =
>c(t,t)-¢,i (k)< (k* (t))

and set K (t') contains a label k', for which
c(t,t) 2 g((6.h (1)), (¢.K))
>c(t,t')-e,i, (k) <i, (k' (1))

Moreover,
g((6.4),(¢.5 (1)) < e (n.).
For the quadruple k, k" (¢), k', k (') the ine-
quality

g((k (0))-(ek (1)) + 2 (1K) (1K) 2
> g((6.k),(¢.K (1)) + & (6.4 (1)) (£ F))

is valid and, consequently, the weaker inequalities

g((t.k (). (2K (1)) +e(er) >

c(t,t')—e+c(1,t)—¢,

g((t.k (1) (rk (1)) 2 e(tr) 26

are valid too. The last inequality holds for each

—

tt" € 3 and that is why the quality G(k ) of the

labelling % is
G(k )= Zg((t,k (1)).(¢.k (t')))Z
1'e3
> c(1,1')-2¢|3|= P-2¢[J.
i'e3

The theorem is proved.

The theorem states an existence of a labeling
with a quality that is almost optimal and some-
times is exactly optimal. However, the theorem
says nothing how this labeling can be found when
numberings i, :K —/,teT, are unknown. The
following consideration shows how the labeling
can be found.

If a permuted supermodular quality function g
takes integer values then the quality of the best
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labeling can be defined exactly, not approxi-
mately. It is necessary to transform the given qual-
ity function into an e-consistent function g’ with

€< ﬁ In this case the quality of the best labe-
3

ling is the greatest integer, which does not exceed
3 max, & ((1R)(1K)).

We describe an algorithm that solves all per-
muted supermodular problems but bypasses a qu-
estion whether the problem under solution is per-
muted supermodular or not. If the problem is per-
muted supermodular the algorithm returns a label-
ing, which is surely optimal. If some other prob-
lem is presented for a solution the algorithm either
returns a labeling, which is surely optimal, or stops
with a comment that presented problem is not per-
muted supermodular. So, the algorithm solves all
permuted supermodular problems as well as many
others and avoids recognition of their permuted
supermodularity.

The algorithm is based on equivalent transfor-
mation of a quality function into e-consistent, let
us say, with diffusion. In addition, the algorithm
makes additional non-equivalent transformation of
a quality function, which we call fixation of a ver-
tex. Let g be a quality function and (k*,¢") be
some vertex. Its fixation consists in transformation

of g into g so that g'((t*,k),(t',k’)) =—o0 if
k#k', t'eN('), keK', and g'((t.k),(¢.K))=
= g((t,k),(t',k')) for all other edges. Fixation of

a vertex (k', t') excludes from subsequent process-
ing all labellings that do not contain the vertex
(", £) and does not change qualities of all other
labellings, which contain the vertex (k, ). If a
quality function is permuted supermodular it re-
mains permuted supermodular after fixation of
any vertex.

Let <T K, S, g> be a labeling problem, not

necessarily permuted supermodular. It is assumed
only that it takes integer values. The algorithm for
a wide class of problems, which includes all per-
muted supermodular problems, consists in the fol-
lowing.
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1. Define a number ¢ <

]' .
2|_S ;
for each t € T define a subset K(t) =K;
transform a function g into an equivalent

g-consistent function g;
look for the greatest integer number ¢ not

greater than Z max g((t k) (t k' ))

keK ,k'eK

Comment. Afterwards either the algorithm will
find a labeling with quality ¢, and it will be the
best labeling, or it will stop with a comment that
the problem under solution is not permuted su-
permodular.

2. Find an object t € T with ‘K(t* )‘ >1;

if there is no such object go to p.5.
3. Foreach label k" € K(t*)

{  fixthevertex (k', t") and save the result
of fixation as g';
transform the function g' into an equi
valent g-consistent function g";

zfz max g"((t k), (t',k'))>c

keK k'eK
%; COND]TION/)
{K(£)={k'}: g=g":gotop.2;}
}

Comment. If the problem under solution is
permuted supermodular the CONDITION will be
satisfied at least for one label k". This condition
can be satisfied even for some problems, which
are not permuted supermodular.

4. Stop;

Comment. The algorithm stops here only if a
problem under solution is not permuted super-
modular.

5. Stop;
Comment. If the algorithm stops here it means

successful ending. The labeling k:T—K with
values k" (t)eK (), 1T, has a quality ¢ and
there is no labeling with better quality.

One can see that the diffusion has some nice
and even unexpected properties as well as other
algorithms which ensure equivalent transforma-
tion of a quality function into e-consistent one.
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They enable to solve a wide range of strict labe-
ling problems, not relaxed. However, they do not
justify the hopes that they can solve all relaxed
labeling problems, which are seemingly simpler
than strict ones. They do not ensure equivalent
transformation of the quality function into a func-
tion with a minimal power because the consis-
tency of a function is only a necessary condition
of power minimum, not sufficient. It means that
the algorithms of such type will not find a trivial
equivalent for some strict labeling problems even if
such trivial equivalent exists. It is their weighty
disadvantage. In the next section subgradient op-
timization of the problem power is described, which
is free of just this disadvantage but has other un-
pleasant properties.

6. Subgradient minimization of a problem
power

Let <T K,3, g, q> be input data for a relaxed
labeling problem. Theorem 8 states that calculat-
ing of the best relaxed labeling quality is reduced
to looking for potentials @, (k) ,teT, t'e N(t) ,

k € K , which minimize a power

P(®)= Zkgl’%&[g((t,k),(t',k’))+(pt,, (k)+
) (46)
+(Pt't(k!):|+zr?3kx|: Z (Ptt :I

t eN
As far as a power P(®) depends convexly on
potentials its minimum can be found with subgra-
dient descent [30]. In respect to our problem sub-
gradient minimization consists in the following
algorithm.
Initialization of the algorithm
1. define the sequence of numbers y,,i=1,2,...,

so that limy. = =0
a [—)ooy£ 0’ ;yz 5

2. for each edge assign initial value g"((t, k),
(', k) of its quality equal to quality g((t, k),
(¢, k")) given in input data,

3. for each vertex assign initial value ¢°(¢, k)
of its quality equal to quality q(t, k) given
in input data;

4. assigni=0.
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Repeated iteration of the algorithm
1. assign zero values to all potentials
(pn,(k)zO, teT, t'eN(t), keK;

2. foreach object t €T and each object
t'e N(t) choose any label k € K such that

q'(t,k) zrge}(xqi (#,1) and assign ¢, (k) =1;

3. foreach pair tt' € 3 choose labels k and
k' such that g'((t,k),(t',k")) =

= max gi((t,l),(t',l’)),anddo 0, (k)=

leK l'eK
=0, (k)-1; @, (k") =, (k')-1;
4. for each vertex (t,k),t el, keK, calcu-
late its new quality ¢ (t,k)=q'(t,])-

=i z) Py (k) 5

r'eN(t
5. foreach edge ((t,k),(t', k')), it'e3,
ke K, ke K, calculate its new quality
g ((6k),(¢k)) =g (6 K), (1)) +
i ((Ptt' (k) T (k’));
6. increment i:=i+1 and go top. 1.

For this algorithm the following statement
holds that follows from the theory of subgradient
descent [30]. Let (¢*, g") be a quality function that
is equivalent to the initial function (¢, g) and
minimizes a power. Let P* be a value of the mi-
nimum and let P be a power of a current function
(¢, ¢') obtained with the algorithm. In this case

lim P' = P*. It is an important positive property of

i—0
the subgradient descent compared with other algo-
rithms, which ensure only obtaining a function with
arbitrary small inconsistency. If a problem under
solution does have a trivial equivalent then the
subgradient descent approaches it and becomes ar-
bitrarily near to it. However, the presented version
of the subgradient descent has quite evident short-
comings, which follow rather from a gap in our
knowledge of subgradient methods than from a
disadvantage of the method itself.

First of all, there is no stop condition in the al-

gorithm. Certainly, the convergence limP' =P°

i—o0
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implies that for arbitrary small € >0 the inequal-

ity P'—P" <g will be achieved in a finite time.
However, it is unknown how to recognize that this
condition is already satisfied if the value P” is un-
known.

Then, the general theory of subgradient descent
imposes too weak restrictions on the sequence
v.,,i=12,.... Of course, subgradient descent en-

sures a convergence to minimum at any sequence

Y,»i=12,..., such that limy, =0, ZYi =o00. Ho-
o i=1
wever, this convergence is frequently too slow for
practical use. Evidently, considerable efforts will
be required yet to remove these imperfections.
7. Concluding remarks: where are good al-
gorithms for the relaxed labeling problem?
Both diffusion and subgradient descent have a
common feature that probably determines their
common imperfections. They transform a quality
function (g, g) though the main goal is to find the

best relaxed labeling (a,B), not to represent a

quality function in such or another convenient
form. However, described algorithms do nothing
with relaxed labeling. Relaxed labeling does not
act in the algorithms at all. Future algorithms,
hopefully free of mentioned shortcomings, should

dispose some weight function (o,B) and some

quality function (¢,g) at each stage of their work

and improve both of them step-by-step simultane-
ously. Moreover, a current weight function has not
necessarily to be just a relaxed labeling with mo-
notonously increasing quality. It can be a weight
function that improves in some other sense. Let us
show an example how it can occur.

The initial aim consisted in solving the follow-
ing linear programming problem: for a given qual-
ity function (g,g) a weight function (a,B) had to

be found that maximized a quality

2, 2 2 B((1k). (¢ K)-g (1) (1K) +

t'e3I keK k'eK

47)
+2. 2 a(t.k)-q(t.k)
teT keK
under the conditions
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:I;B((t,k),(t',k')),
teT,keK, ' eN(t); (48)
ZOL(t,k):l, teT; (49)
kekK
B((t.k).(¢,k"))20, t' eI, ke K, k'eK. (50)

A labeling (a, B) is evidently optimal if it satisfies
restrictions (48), (49), (50) and additional condi-
tions

q’(t,k)<1111211<xq'(t,l):>a(t,k)20, (51)

g'((1.4)(¢,k")) < maxmax g'((1.1),
(¢.1)=B((1.k).(¢.K")) = 0; (52)

(¢.8)~(a.8). (53)

The condition (53) is a short designation of the
functions equivalency for (¢', g') and (g, g). A so-
lution of the optimization problem (47)—(50) coin-
cides with a solution of the relation system (48)—
(53). An approximate solution to the last system
can be found so that the condition (48) is initially
relaxed and then gradually strengthened. An opti-
mization problem (47)—(50) is reduced in such a
way to another optimization problem, namely, to
looking for such weight function (o, ), quality
function (g, g) and the minimal value A® that the
system of conditions

S5 aleh)- DH(04) | < 6

¢/(tk) <maxg'(t.1) > a(tk) =0, eTkek;  (55)
g((t.k).(¢.K) )<r§]ea}<xrlng<xg'((t,l 0))=

=B((1.k).(7", k’)) (56)

za(t’k =1 teT; (57)

ite3, keK, k'eK; (58)
(59)

B((2,k).(.K)) 20,

(7.8)~(q.8)-

remains consistent. Such representation of the ini-
tial problem has the advantage that the minimal
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value of A? is known to be zero and only all other
variables have to be specified so that they do not

contradict this zero value. Consequently, if some

algorithm would be available, which decreases A*
step-by-step with its convergence to zero, no dif-

ficulty would arise with a stop condition. The al-

gorithm should be stopped, when A becomes small
enough.

Relation system (54)—(59) has also another
property that hopefully will result in an appropri-
ate algorithm for converging A’ to zero. Let the
weight function (a, B), the quality function (g, g)
and the number A’ satisfy the relation system
(54)—(59). In this case at least one of the following
four statements is valid:

1. the weight function (a, ) is an optimal re-
laxed labeling;

2. there exist such labels & and k&~ and an
object ¢ that the weights oc(t*,k*) and oc(t*,k**)

can be changed without violating conditions (54)—
(59) and so that the left-hand side of (54) and,
consequently, also a value of A* decrease;

3. there exists such an edge ((, k), (¢, k"))
that the weight B((¢ k), (¢, k")) can be changed
without violating conditions (54)—(59) and so that
the left-hand side of (54) and, consequently, also a
value of A? decrease;

4. a quality function (¢', g’) can be changed
without violating conditions (54)—(59) so that its
power decreases.

Though exact solutions of the problems (47)—
(50) and (54)—(59) coincide, their approximate
solutions have a different nature. An approximate
solution to the problem (47)—(50) means looking
for a weight function such that it is a relaxed la-
beling. Though this labeling is not exactly opti-
mal, its quality can become arbitrarily near to the
best possible quality. An approximate solution to
the problem (54)—(59) means that the best weight
function is found. Though this function is not a
relaxed labeling because of violating the condi-
tions (48), this violation can be made arbitrarily
small. So, practically good algorithms can be
hopefully obtained if instead of an exact solution
to initial problem (47)—(50) an approximate solu-
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tion to other problem is pursued, with a possibility
to bring the substitute problem arbitrary near to
the initial one.

It is possible to move further and to relax other
restrictions of the system (54)—(59) as well. For
example, the conditions (55) and (56) can be sub-
stituted with weaker requirement to ensure small
value of the “difference”

Z(nlgea}(x q'(t.k)=> oc(t,k)-q'(t,k)JwL

teT keK

+Z(kg,?,a,}?;,{g’((tak),(t'ak’))—

t'e3

3 TR0 () ()00

keK k'eK
with subsequent minimization of the function

F(a,B,q.g)=

(10 SRR +

k'eK

+3 | maxq’(1,k)- Zoc(t,k)-q’(fak)}f (60)

tel keK

+2 (,{ggg?;,(g’((nk)»(t’ak'))—

t'e3

3 BB R € ((1).0) |

keK k'eK
under conditions
Z a(r,k)=1,

(61)
keK
B((1.k).(K')) 20, t1' €3, ke K. K €K; (62)

teT;

(¢.8")~(a.8)- (63)

An exact solution to this problem coincides
with an exact solution to the initial problem of the
optimal relaxed labeling. However, its representa-
tion in the form (60)—(63) has an advantage be-
cause it is known in this representation that the
minimal value of the function under minimization
is zero. An approximate solution to the problem
(60)—(63) may occur to be an appropriate substi-
tute for the initial problem.

Formal analysis of the problems (54)—(59) and
(60)—(63) will be shown in next publications.
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